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a b s t r a c t
The aim of this paper is to investigate the behaviour as t →∞ of solutions to the Cauchy
problem ut − △ut − v△u − (b,∇u) = ∇ · F(u), u(x, 0) = u0(x), where v > 0 is a fixed
constant, t ≥ 0, x ∈ Ω , Ω is a bounded domain in Rn. We will first establish an a priori
estimate. Then, we establish the global existence, uniqueness and continuous dependence
of the weak solution for the Sobolev–Galpern type equation with the Dirichlet boundary.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The non-linear Cauchy problem
ut −△ut − υ△u− (b,∇u) = ∇ · F(u), (1)
u(x, 0) = u0(x)
where υ > 0 is a fixed constant, t ≥ 0, and x ∈ Rn. Here b ∈ Rn, F ∈ C1(R, Rn) is a fixed vector field and ∇ · F(u) =∑n
i=1 ∂xiFi(u). The one-dimensional version of (1) with∇ ·F(u) = −uux was discussed in [1], where the long-time behaviour
in L2(R) and L∞(R) of solutions was studied. Those results were extended for F(u) = ur+1/(r + 1) for r ≥ 2 in [2–4]. Karch
in [5], in Rn space, use the theory of semigroups and the Fourier transform investigate the long-time behaviour of solutions
to the linearized equations and the non-linear case.
Motivated by this, in a bounded domain, we study the asymptotic behaviour of solutions for the nonlinear
pseudoparabolic equation with the Dirichlet boundary condition.
In this paper, we consider the following initial-boundary problem
ut −△ut − υ△u− (b,∇u) = ∇ · F(u) (2)
u(x, 0) = u0(x) ∈ H10 (Ω), x ∈ Ω
u|∂Ω = 0, F ∈ C1(R, Rn), F(0) = 0
whereΩ is a bounded domain in Rn. Here b ∈ Rn.
Let X = L2(Ω), the operators A and B are defined by
Az = −△z, Bu = u−△u, (3)
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with the domains
D(A) = D(B) = H2(Ω)

H10 (Ω), (4)
where△ is the Laplace operator. Then−△ is clearly strongly elliptic operator and A, B are closed, linear operators see [6,7].
From Ga˙rding’s inequality (see [6]), we know that B is bijective, and B−1: X → D(B) is compact. Then we obtain that−AB−1
generates a C0 semigroup {e−tAB−1}t≥0 on X .
Definition 1.1. Let A = −△, D(A) = H2(Ω)H10 (Ω) and let a ∈ R. Set
Xa = D(Aa), ‖u‖a = ‖Aau‖X . (5)
When a = − 12 , we denote X− 12
.= (X, ‖ · ‖− 12 ) the completion of X .
From the Sobolev theorem [8] and the Lax–Milgram theorem see [6], we obtain the following
(i) X−1, X− 12 are Hilbert spaces, X ↩→ X− 12 ↩→ X−1 (6)
(i.e., X ⊂ X− 12 ⊂ X−1 and the canonical injection is continuous and dense)
(ii) X−1 = [D(A)]′, X− 12 = [D(A
1
2 )]′ = [H10 (Ω)]′ = H−1(Ω).
We rewrite problem (2) as follows
ut = −B−1υAu+ B−1(b,∇u)+ B−1∇ · F(u) (7)
u|∂Ω = 0, u(0, x) = u0
F ∈ C1(R, Rn), F(0) = 0, b ∈ Rn.
A standard argument (e.g. see [6], chapter 4) shows that solutions of (7) satisfy the integral equation obtained from the
variation of parameter formula (or the Duhamel formula)
u(t) = e−tυAB−1u0 +
∫ t
0
e−υ(t−s)AB
−1
B−1[(b,∇u)+∇ · F(u)]ds. (8)
The representation (8) will be our main tool in the proof of the local and global existence of solutions as well as in obtaining
the asymptotic behaviour of solutions to (2).
Definition 1.2. Let the Banach space be H = H10 (Ω). A continuous solution u ∈ C([0, T ],H) of the integral equation (8) is
called a mild solution of the initial-value problem (7).
In this paper, we shall refer to a mild solution of problem (7) as a solution to problem (2).
2. A priori estimate
In this section, we establish a priori estimate for the solutions from which we conclude the existence, uniqueness and
continuous dependence of the solution upon the initial condition.
Theorem 2.1. Let H = H10 (Ω) endowed with the norm ‖u‖2H = ‖u‖2L2(Ω) + ‖∇ · u‖2L2(Ω). Assume that u is a mild solution
of (7) with u0 ∈ H10 (Ω). Then
‖u(·, t)‖H ≤ e−υt‖u0‖H , t ≥ 0. (9)
Proof. Let E(u) = 
Ω
[|u|2 + |∇u|2]dx. Then from (2) we have
dE
dt
=
∫
Ω
[2uut + 2∇u · ∇ut ]dx
= 2
∫
Ω
u[△ut + υ△u+ (b,∇u)+∇ · F(u)]dx+ 2
∫
Ω
∇u · ∇utdx
= −2
∫
Ω
[∇u · ∇ut + υ|∇u|2 +∇u · F(u)]dx+
∫
Ω
(b,∇|u|2)dx+ 2
∫
Ω
∇u · ∇utdx
= −2υ
∫
Ω
|∇u|2dx− 2
∫
Ω
∇u · F(u)dx+
∫
Ω
(b,∇|u|2)dx. (10)
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Note, by the Gauss Formula and u|∂Ω = 0 we have∫
Ω
(b,∇|u|2)dx =
∫
Ω
n−
j=1
bj
∂
∂xj
|u|2dx =
∫
∂Ω
n−
j=1
bj|u|2νjdτ = 0, (11)
where ν = (ν1 · · · νj · · · νn) is exterior unit normal vector.
A similar reasoning gives∫
Ω
∇u · F(u)dx =
∫
Ω
∇ ·
∫ u
0
F(s)dsdx =
∫
∂Ω
n−
j=1
∫ u
0
Fj(s)νjdsdτ = 0. (12)
The above computations show that
dE
dt
= −2υ
∫
Ω
|∇u|2dx. (13)
The Poincare inequality gives ‖u‖2H = ‖u‖2L2 + ‖∇u‖2L2 ≤ 2‖∇u‖2L2 . Then, from (13) we have
dE
dt
= −2υ
∫
Ω
|∇u|2dx ≤ −υE(u) ≤ 0. (14)
From (14), by the Gronwall inequality we obtain
E(u) ≤ E(u0)e−υt , t ≥ 0, (15)
or equivalently,∫
Ω
[|u|2 + |∇u|2]dx ≤
∫
Ω
[|u0|2 + |∇u0|2]dxe−υt , t ≤ 0, (16)
which completes the proof of Theorem 2.1. 
Theorem 2.2 (Local Existence). Let F ∈ C1(R, Rn), F(0) = 0. Then for each initial value u0 ∈ H10 (Ω) there exist T > 0 and a
unique mild solution u of the problem (7) on [0, T ).
Proof. In case −AB−1 generates a C0-semigroup e−tAB−1 , t ≥ 0 on H10 (Ω). From [6], it suffices to prove that the operator
B−1[(b,∇u)+ ∇ · F(u)] is locally Lipschitz continuous on H10 (Ω). i.e. for every u, v ∈ B(R), where B(R) is the ball of radius
R centred at 0 in H10 (Ω), there exists a constant C = C(R) such that
‖B−1[(b,∇u)+∇ · F(u)] − B−1[(b,∇v)+∇ · F(v)]‖H ≤ C‖u− v‖H . (17)
To show this, we need a preliminary estimate
‖∇ · B−1u‖L2 ≤ C‖u‖L2 (18)
valid for all vector fields u ∈ L2(Ω), with a positive constant C . From (3), (4) and (6), using Definition 1.1, we know that
A and B are closed, linear operators and B−1 : L2(Ω) → D(B) is compact. Then from the above fact and the closed graph
theorem, we get the boundedness of the linear operator AB−1 : L2(Ω)→ L2(Ω) and
‖∇ · B−1u‖L2(Ω) = ‖A−
1
2 AB−1u‖L2(Ω) ≤ M‖AB−1u‖L2(Ω) ≤ C‖u‖L2(Ω). (19)
Then we obtain (18).
Assume that ‖u‖H ≤ R and ‖v‖H ≤ R. Using (18) we obtain (17) directly from the estimates
‖B−1∇ · F(u)− B−1∇ · F(v)‖H ≤ C‖F(u)− F(v)‖H ≤ C sup
|y|≤R
(max
i
|F ′i (y)|)‖u− v‖H , (20)
and
‖B−1(b,∇u)− B−1(b,∇v)‖H =
 n−
j=1
∂
∂xj
B−1ujbj −
n−
j=1
∂
∂xj
B−1vjbj

H
≤ C(b)‖u− v‖H . (21)
This concludes the proof. 
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Theorem 2.3 (Global Existence). Let F ∈ C1(R, Rn), F(0) = 0, then for each initial data u0 ∈ H10 (Ω) there exists a unique global
mild solution u of problem (7).
Proof. From [6], we shall be able to claim that the mild solution obtained in Theorem 2.2 exists globally in time, if we show
that ‖u(·, t)‖H ≤ g(t) for a locally bounded function g(t). Then the proof will be completed by showing that ‖u(·, t)‖H
cannot blow up in finite time, i.e.
sup
0≤t<T
‖u(·, t)‖H <∞ (22)
for every T > 0. Following Theorem 2.1, we obtain (22). Then we completed the proof. 
An immediate consequence of Theorem 2.1 is the following proposition.
Proposition 2.4 (Asymptotic Behaviour of Solutions). Let F ∈ C1(R, Rn), F(0) = 0, then for each initial data u0 ∈ H10 (Ω) the
mild solution u of problem (7) decays exponentially.
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